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Abstract
This paper develops the variational multisymplectic formulation of nonsmooth
elastoplastic phenomena, where the rate of change of plastic strain and the asso-
ciated thermodynamic entropy evolve by jumps. The formulation relies on convex
analysis to describe the plastic non smoothness.
Contents
1 Introduction 2
2 Nonsmooth mechanics and elastoplasticity 3
2.1 Moreau viewpoint and 1D perfect plasticity . . . . . . . . . . . . . 4
2.2 Vector measure and locally bounded variations . . . . . . . . . . . 5
2.3 Variational formulation of nonsmooth mechanics . . . . . . . . . . 7
2.4 Perfect elastoplasticity and nonsmooth mechanics . . . . . . . . . . 10
2.4.1 Lagrangian density and plastic dissipation . . . . . . . . . . 10
2.4.2 Variational formulation of perfect elastoplasticity . . . . . . 11
3 Rheological model for nonsmooth elastoplasticity 14
3.1 Elastoplastic model . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 Perfect plasticity case . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Internal hardening variables . . . . . . . . . . . . . . . . . . . . . . 16
3.3.1 Isotropic hardening . . . . . . . . . . . . . . . . . . . . . . . 16
3.3.2 kinematic hardening . . . . . . . . . . . . . . . . . . . . . . 18
4 Rheological model for thermoplasticity 18
4.1 First and second laws of thermodynamics . . . . . . . . . . . . . . 19
4.2 Thermoplasticity: Perfectly plastic case . . . . . . . . . . . . . . . 20
4.3 Hardening laws in thermoplasticity . . . . . . . . . . . . . . . . . . 22
4.3.1 Isotropic hardening . . . . . . . . . . . . . . . . . . . . . . 22
4.3.2 Kinematic hardening . . . . . . . . . . . . . . . . . . . . . . 23
4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1EPFL, Doc & Postdoc Alumni
2DFJC/DGEP francois.demoures@vd.educanet2.ch
1
ar
X
iv
:1
71
2.
05
98
5v
2 
 [m
ath
.N
A]
  2
0 F
eb
 20
18
5 Conclusion 24
References 24
1 Introduction
Plasticity. The first important results concerning plasticity are due to Tresca
[1872] and Saint-Venant [1871a,b,c]. See Maugin [2016] for an comprehensive
historical review, and Lubliner [1990] for a general overview of the subject
The plasticity theory, we consider in this article, was defined in Hill [1950] for
the maximal dissipation principle, Green and Naghdi [1965] for the formal addi-
tive decomposition of the finite Lagrangian strain tensor, Rice [1970, 1971] for the
theoretical foundations of inelastic constitutive laws for solids, Rockafellar [1970],
Moreau [1973, 1976] for the convex analysis formulation, and Suquet [1979] where
the existence of perfect plastic solutions is investigated. The classical multiplica-
tive decomposition F = FeFp is due to Bilby, Gardner, and Stroh [1957], Kro¨ner
[1960], Lee and Liu [1967].
In Simo and Hughes [1998], and Simo [1998] was developed an overview of
numerical analysis dedicated to the simulation of problems involving plastic de-
formation. More recent complements can be found in, e.g. Gurtin [2000], Armero
[2008], Clayton and Bammann [2009].
Regarding rheological thermodynamics, we refer to the following books and
papers: Landau and Lifshitz [1959], Truesdell and Noll [1965], Truesdell [1968],
Ziegler and Wehrli [1987], Ottinger [2005], Gurtin, Fried, and Anand [2010] and
Maugin [2011]. Concerning thermoplasticity, we refer to: Eckart [1948], Naghdi
[1960], Ziegler [1963], Green and Naghdi [1966], Maugin [1992]. For numerical
study and simulation of thermoplasticity see, for example, Simo [1998] §5.
From the 18th century, variational formulations were proposed in order to
accommodate irreversible transformations, due to viscosity, plasticity, or heat dis-
sipation, in addition to reversible elastic transformations. The principles involved
in these attempts are numerous. We can cite among others Onsager’s principle,
principle of minimum rate of entropy production, Lagrange-d’Alembert principle,
Reissner, Hellinger principles, and Hu-Washizu principles.
Concerning variational principles dedicated to viscoelasticity see Biot [1955],
Freudenthal and Geiringer [1958], Onat [1962], Gurtin [1963]. Variational prin-
ciples for plasticity see Washizu [1955, 1968]. Variational principles for ther-
modynamics see Martyusheva and Seleznev [2006], Gay-Balmaz and Yoshimura
[2016a,b]. Variational inequalities, see e.g. Ekeland and Temam [1974], Glowin-
ski and Le Tallec [1989], Han and Reddy [1999].
However, the plastic domain is defined as the boundary of the elasticity domain,
which are jointly formulated by means of nonsmooth inequality constraints. The
corresponding dissipated power verifies the maximum-dissipation principle which
is equivalent to minimize minus the dissipated power under inequality constraints,
i.e., we need to solve an optimization problem, through variational geometry of
convex sets. In this vein we can cite Kachanov [1942], Hodge and Prager [1949],
Budiansky and Pearson [1956/57], Rockafellar and Wets [1998].
Concerning the dislocation mechanics involved in crystal plasticity phenomenon,
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we refer to Mart´ınez et all [2008], Clayton, McDowell, and Bammann [2006b], Fres-
sengeas, Taupin, and Capolungo [2011], Yavari and Goriely [2012].
Multisymplectic formulation. The plasticity phenomenon will be formu-
lated within the context of multisymplectic continuum mechanics (Gotay, Isen-
berg, Marsden [2006]) and in particular of multisymplectic nonsmooth continuum
mechanics (Fetecau, Marsden, and West [2003]).
Rheological model. The elastoplastic material exhibits both plastic and elas-
tic behaviour. One can build up a model of nonsmooth elastoplasticity by com-
bining a linear elastic spring and a non-smooth frictional pad. These are known
as rheological models originating from the work of Zener [1948]. See, e.g. the rhe-
ological models described in Maugin [1992], Gutzow and Schmelzer [1995], Simo
and Hughes [1998], and in Lion [2000].
Goals and general framework. In this paper, firstly we develop the multi-
symplectic formulation of nonsmooth elastoplastic phenomena in §2, with a multi-
plicative decomposition of the total deformation gradient F = FeFp into an elastic
deformation part Fe and a plastic deformation part Fp.
Secondly we develop a rheological model dedicated to crystal elastoplasticity
and thermoplasticity (with temperature and entropy variables added). According
to Simo [1998] we admit an additive decomposition of the total strain  of the
system into an elastic strain e and a plastic strain p due to sliding, i.e.,  = e+p.
This additive decomposition is consistent with our rheological model composed of
a spring and a frictional pad where deformations are small (see Fig. 3.1).
Summary of the main results:
• In §2.4 the elastoplastic phenomena are expressed through the convex analysis
formulation (see Moreau [1973]) and the variational multisymplectic formulation
of nonsmooth continuum mechanics developed in Fetecau, Marsden, and West
[2003]. Where these phenomena are characterized by plastic dissipation jumps.
• In §3.2, 3.3.1, 3.3.2 using the forementioned rheological model, we deduce from
the previous results a variational multisymplectic nonsmooth formulation of elasto-
plasticity with the different following situations: perfect plasticity, isotropic hard-
ening, and kinematic hardening.
• In §4.2, 4.3.1, 4.3.2 assuming perfect plasticity, isotropic hardening, kinematic
hardening, and isothermal plasticity, we combine a variational multisymplectic
nonsmooth formulation of plasticity with the Clausius-Duhem form of the second
law of thermodynamics and with the energy balance (first law). Then, we note that
the evolution of the entropy associated to the plastic deformation is nonsmooth.
2 Nonsmooth mechanics and elastoplasticity
We establish a link between variational multisymplectic formulation of continuum
mechanics and elastoplasticity through internal slip of dislocation and internal
friction due to lattice displacement (translation and rotation) which are dissipative
nonsmooth dynamic phenomena.
3
2.1 Moreau viewpoint and 1D perfect plasticity
Plastic bodies are characterized by the fact that their shape can be changed by
the application of appropriately directed external forces, and that they retain their
so-deformed shape upon removal of such forces.
Let the internal stress 2-tensor σ(t, s) and JpKt a plastic strain-rate jump1,
during time evolution, which occurs at position s and time t. The yield criterion2
f : σ 7→ R, which confines the stresses σ to lie in the elastoplastic domain, is
specified by the following inequality constraint
f(σ) ≤ 0. (2.2)
Thus the set of admissible stresses is defined by
Eσ := {σ | f(σ) ≤ 0}. (2.3)
The boundary of Eσ defined by f(σ) = 0 is called the yield surface. “The points
at which σ is inside the yield surface (f(σ) < 0) constitute the elastic domain,
while those where σ is on the yield surface form the plastic domain” (Lubliner
[1990]). The set Eσ is supposed to be convex.
Let V the set of plastic strain-rate jumps JpKt. The set of admissible stresses
and the set of rate of change of plastic strain are placed in duality by a bilinear form
〈·, ·〉. The plasticity law is defined by stating the maximal dissipation principle,
i.e., the values of the stress σ ∈ Eσ which correspond to some JpKt ∈ V are the
elements which minimize the numerical function σ 7→ − 〈JpKt ,σ〉.
Next, we recall the convex analysis principles which allow to describe the plas-
ticity. Following Moreau [1973, 1976] the stress and the strain (σ, JpKt) ∈ Eσ × V
which verify the plasticity law, i.e., the principle of maximum dissipation under
the inequality constraint f(σ) ≤ 0, can also be defined in an equivalent way by
the variational inequality with solution σ satisfying the condition{
σ ∈ Eσ
∀σ′ ∈ Eσ :
〈
σ, JpKt〉 ≥ 〈σ′, JpKt〉 , (2.4)
or in the following equivalent manners
∀σ′ ∈ R : 〈σ′ − σ, JpKt〉+ IEσ(σ) ≤ IEσ(σ′),
⇔ JpKt ∈ ∂IEσ(σ),
⇔ σ ∈ ∂I∗Eσ(JpKt), (2.5)
1Recall that the jump J·K in Maugin [1992] is defined by
JV K := V + − V − (2.1)
where V − and V + are respectively referred to t− and t+. In Fetecau, Marsden, and West [2003] the
definition of the jump is extended to the spacetime.
2In this development we admit the existence of a single yield criterion in order to simplify the
presentation, but generally there is a set of constraints.
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where IEσ is the indicator function of Eσ, i.e., IEσ(σ) = 0 if σ ∈ Eσ and IEσ(σ) =
+∞ if σ /∈ Eσ. Its polar function I∗Eσ is the support function3 of Eσ relative to〈
σ, JpKt〉, i.e.,
I∗Eσ(JpKt) = supσ∈T 20 (S) {〈σ, JpKt〉− IEσ(σ)} = supσ∈Eσ 〈σ, JpKt〉 . (2.6)
As a consequence (2.4) is also equivalent to{
σ ∈ Eσ〈
σ, JpKt〉 = I∗Eσ(JpKt). (2.7)
That is, the values of σ associated with a given JpKt ∈ V, by the plasticity law,
are the elements of Eσ for which the dissipated value is exactly equal to I∗Eσ(JpKt).
In Moreau [1973], I∗Eσ is denoted the dissipation function. From now on we note
the plastic dissipation by
Dp(σ, JpKt) := I∗Eσ(JpKt). (2.8)
Remark 2.1 We recall that ∂IEσ(σ) = NEσ(σ) is the normal cone to Eσ at σ and
∂I∗Eσ(JpKt) = N∗Eσ(JpKt) is its dual; see Rockafellar and Wets [1998]. Moreover
we recall that λ∇σf(σ) ∈ NEσ(σ), with the Lagrange multiplier λ which satisfies
λ = 0 when f(σ) < 0 and λ ≥ 0 when f(σ) = 0. Note that λ obeys to the
Kuhn-Tucker complementarity conditions:
λ ≥ 0; f(σ) ≤ 0; λf(σ) = 0. 
Remark 2.2 An essential feature of the convex analysis principles is the impos-
sibility to define JpKt as a single valued fonction of σ, nor σ as a single valued
function of JpKt. Indeed for JpKt = 0 corresponds for σ all the values of int(Eσ),
and for σ ∈ ∂Eσ corresponds for JpKt all the values of the normal cone NEσ(σ).
Later on, we will tackle this issue. 
Remark 2.3 Concerning plasticity, it is important to note that the constraint
(2.2) is applied to the stress. There are no direct constraints on the configuration
of the body. 
2.2 Vector measure and locally bounded variations
The vector measure plays an important role in the subsequent development, so we
shall devote this section to recall the following results.
Vector measure. Let a Banach space X, a locally compact domain T , and the
vector space H(T ) of real continuous functions ψ : T → R with compact support.
A vector measure on T with value in X, in the sense of Bourbaki [1959], is the
linear application m : H(T ) → X such that for compact subdomain K of T , the
restriction of m to H(T,K) is continuous for the topology of uniform convergence.
If ψ ∈ H(T ), the vector measure is noted ∫ ψ dm instead of m(ψ).
3 See in Rockafellar and Wets [1998] for a general development of the concept of support function.
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Following Moreau [1988b], instead of a locally compact domain T , for simplifi-
cation, we consider a real interval I and we admit that X is a Banach space, with
metric denoted d. Let f : I → X which is said to be of locally bounded variations
on [a, b] iff var(f, [a, b]) < +∞; notation f ∈ lbv([a, b], X). Where the variation
var(f, [a, b]) of f on [a, b] is defined as follows
var(f, [a, b]) = sup
n∑
i=1
d
(
f(τ i−1), f(τ i)
)
, with τ0 = a, ..., τn = b.
In this definition the supremum is taken over all strictly increasing finite sequence
S : τ0 < τ1 < ... < τn of points of [a, b].
From Moreau [1988b] we recall the following results.
Proposition 2.4 Let f ∈ lbv(I,X); for every ψ ∈ H(I) and every θiS ∈ [τ i−1, τ i],
the mapping S 7→∑ni=1 ψ(θiS)(f(τ i)−f(τ i−1)) converges to a limit independent of
θ, denoted
∫
ψdf . The convergence is uniform with regard to the choice of θ.
Note that the linear mapping H(I) 3 ψ 7→ ∫ ψdf ∈ X constitues a vector
measure on I in the sense of Bourbaki. Where df is called the differential measure
(or Stieltjes measure) of f ∈ lbv(I,X).
Radon-Nikodym property. The Banach space X has the Radon-Nikodym
property if, for every absolutely continuous f : I → X, the differential measure
df admits a density f ′t ∈ L1(I, dt;X) relative to Lebesgue’s measure dt; notation
df = f ′tdt. Where L1(I, dt;X) is the notation for the set of X-valued functions
which are µ-integrable (in the sense of Bourbaki) over every compact subset of
I. In particular, the finite dimensional Banach space has the Radon-Nikodym
property.
An important result, when f ∈ lbv(I,X), deals with the df -measure of the
singleton {a}. That is, for every a ∈ I we have∫
{a}
f ′t dt = f
+(a)− f−(a). (2.9)
Thus, we deduce a relationship between (2.9) and (2.1) when the jump is locally
bounded.
Remark 2.5 If X has finite dimension, any X-valued measure f is majorable.
That is, there exists a nonnegative real measure µ on I such that, for every ψ ∈
H(I) one has ‖ ∫ ψ df‖ ≤ ∫ |ψ|dµ.
Then it can be proved that, if X is a finite dimensional Banach space, every
X-valued vector measure f possesses a density f ′µ ∈ L∞(I, µ;X) relative to its
modulus measure µ = |f |. 
Another important result is the following
Proposition 2.6 If X possesses the Radom-Nikodym property and if f ∈ lbv(I,X),
at Lebesgue almost every point τ of I, the function f possesses a derivative function
f˙(τ) and after arbitrary extension to the whole of I, it constitutes a representative
of the density f ′t ∈ L1loc(I, dt;X).
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From this Proposition and (2.9) we establish the link between the plastic strain-
rate jump and a time derivative. Thus we get dimensionally consistent results as
we will see.
Remark 2.7 A natural generalization of the previous recapitulation dedicated
to the vector measures consists in replacing the Lebesgue measure dt by some
prescribed nonnegative real measure µ on the interval I. 
Integral with respect to the vector measure. Let the dual Banach space
X ′ of X with duality pairing 〈·, ·〉. Given a vector measure f on I with value in
X. For all x′ ∈ X ′, the linear mapping
H(I) 3 φ 7→ 〈x′, f(φ)〉 = 〈x′,∫ φdf〉 = ∫ φd(x′ ◦ f) ∈ R (2.10)
is a real measure which depends linearly from x′.
If df = f ′µdµ, where m′µ is the density with respect to the positive measure µ
on I, the integral of φ with respect to the vector measure f is defined by
x′ ◦ f(φ) =
∫
φ
〈
x′, f ′µ
〉
dµ, (2.11)
where x′ ◦ f = 〈x′, f ′µ〉µ is a scalar measure for all x′ ∈ X ′, see Bourbaki [1959].
Later on, we will make some connections between the scalar mesure (2.11) and
the dissipation (2.8) previously defined.
2.3 Variational formulation of nonsmooth mechanics
Nonsmooth mechanics. The fundamental theorem 2.8 which describe the
variational multisymplectic formulation of nonsmooth continuum mechanics was
presented in Fetecau, Marsden, and West [2003]. The general framework in which
this theory was defined is field theory. The physical fields ϕ : X → Y are the
sections of the covariant configuration bundle piXY : Y → X, where X is the
spacetime domain with coordinates {x0 = t, x1, ..., xn} and Y = X ×M is the
configuration bundle with ambient space M and coordinates {ϕ1, ..., ϕN} on it. So
the coordinates on Y are written as (xµ, ϕA) with µ = 0, ..., n and A = 1, ..., N .
The Lagrangian density is of the form
L(xµ, ϕA, ϕ˙A, ϕA,i) = L(xµ, ϕA, ϕ˙A, ϕA,i)dn+1x, (2.12)
where ϕ˙ := ∂ϕ/∂t is the time derivative,ϕ,i := ∂ϕ/∂x
i, i = 1, ..., n are the partial
space derivative, and dn+1x = dx1∧...∧dxn∧dx0. The associated action functional
is defined to be
Sns(ϕ) :=
∫
UX
L(xµ, ϕA, ϕ˙A, ϕA,i). (2.13)
Stationarity of the action Sns with respect to variations δϕ yields the Euler-
Lagrange field equations or covariant Euler-Lagrange (CEL) equations
∂
∂t
∂L
∂ϕ˙A
+
∂
∂xi
∂L
∂ϕA,i
− ∂L
∂ϕA
= 0. (2.14)
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We introduce (see Figure below) a manifold U with smooth closed boundary,
a map φ : U → Y taken to be smooth, the diffeomorphism φX : U → UX ⊂ X,
and a submanifold D ⊂ U , called the singularity submanifold, across which the
Lagrangian L may have singularities. Given DX := φX(D), it is assumed that
the singularity submanifold DX separates the interior of UX in two disjoint open
subsets U+X and U
−
X . The Lagrangian L is assumed to be smooth only on UX\DX .
Y := X ×M
pi

U
φ
99
φX // UX ⊂ X
ϕ
OO
From the variational principle, as proved in Fetecau, Marsden, and West [2003],
we derive directly the equations of motion and the jump conditions, staying on
the Lagrangian side. In particular the jump conditions are due to the different
orientations of DX when Stokes’ theorem is involved in the integration by parts.
Theorem 2.8 Given a Lagrangian density L(xµ, ϕA, ϕ˙A, ϕA,i), which is smooth
away from the discontinuity in DX , there exists unique derivative of the action
dSns(ϕ) such that for any V = (V µ, V A) ∈ TϕC compactly supported in U and
any open subset UX such that UX ∩ ∂X = ∅,4
dSns(φ) · (V ) =
∫
U+X∪U−X
(
∂L
∂ϕA
− ∂
∂t
∂L
∂ϕ˙A
− ∂
∂xi
∂L
∂ϕA,i
)
· V Adn+1x (2.15)
+
∫
U+X∪U−X
(
∂L
∂xν
+
d
dxµ
(
∂L
∂ϕA,µ
ϕA,ν
)
− dL
dxν
)
V νdn+1x (2.16)
+
∫
∂UX\DX
(
∂L
∂ϕA,µ
· V Adnxµ
)
(2.17)
+
∫
∂UX\DX
((
Lδµν −
∂L
∂ϕA,µ
ϕA,ν
)
V νdnxµ
)
(2.18)
+
∫
DX
s
∂L
∂ϕA,µ
· V Adnxµ
{
(2.19)
+
∫
DX
s(
Lδµν −
∂L
∂ϕA,µ
ϕA,ν
)
V νdnxµ
{
. (2.20)
Where (2.15) gives the CEL equations. The time component of (2.16) is the
energy-evolution equation, while its full expression formulates the balance of con-
figurational forces. The last two expressions (2.19) and (2.20) are respectively the
vertical jump conditions involving momenta and the horizontal jump conditions,
i.e., energy jump conditions, which are the consequence of local nonsmoothness
when x ∈ DX .
Remark 2.9 Let an application UX 3 x 7→ V (x) ∈ RN with locally bounded
variations on UX , see in §2.2 for the definition. Where this function may have
4Where UX is the closure of UX .
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discontinuities but, at every point x, the left-limit and the right-limit exist. Then
one can associate an RN -valued measure. If one has V −(x) 6= V +(x) for x ∈ DX ,
where V − and V + are respectively referred to U−X and U
+
X , as explained in Moreau
[1988a] the RN -valued measure possesses one atom x ∈ DX with jump valueJV K (x) = V +(x)− V −(x).
Also the jump can be interpreted as the value of a vector measure, respectively
covector measure, on the set DX of the atoms.
Let the case, where we have a form α. In view of the Radon-Nikodym property,
every covector measure JαK (x) on the locally compact subset DX of UX ⊂ Rn+1
may be represented as follows: there exists a positive scalar measure dt on DX
and a density function denoted JαK′t relatively to the Lebesgue measure, such that
one writes
j∗ JαK (x) = JαK′t (x)dvDX , (2.21)
where j : DX ↪→ UX is the inclusion and dvDX is the measure associated to the
volume form on DX .
However even though we know from the Radon-Nikodym theorem that there
exists a density function, the theorem does not indicate how to calculate this
density function. This question will be solved through convex analysis. 
Nonsmooth continuum mechanics and inequality constraints. The
variational inequalities and the problems of constrained minimization were widely
studied by Moreau and Rockafellar, see e.g., Rockafellar and Wets [1998]. From
this viewpoint there have been developments that bear on the multisymplectic for-
mulations of nonsmooth continuum mechanics when the configuration is subjected
to inequality constraints, see e.g., Fetecau, Marsden, Ortiz, and West [2003] and
Demoures, Gay-Balmaz, and Ratiu [2016].
For example, for frictionless contacts, the force of constraint is normal to the
concerned bodies. Following Moreau [1988a], the dt-measurable vector field JαK′t
satisfies JαK′t (x) ∈ ∂IC(ϕ(x)), (2.22)
where ∂IC(ϕ(x)) is the normal cone
5 to the admissible contact domain C ⊂M in
ϕ(x) and the density function denoteds
∂L
∂ϕA,ν
(x)Nν(x)
{′
t
is defined to be the vector field associated to the vertical jump (2.19), where Nν
is the normal vector to DX .
From (2.22) and the properties of a normal cones we can deduce that there
exists a Lagrange multiplier λ such that we get for every V A∫
DX
s
∂L
∂ϕA,ν
(x)Nν(x)
{′
t
· V A(ϕ(x))dvDX =
∫
DX
λi(x)ψ
i
,A(ϕ(x)) · V A(ϕ(x))dvDX .
(2.23)
5We recall that the vectors in the normal cone ∂IC(ϕ(x)) are of the form λ(x) · ∇ψ(ϕ(x)) where λ
are the Lagrange multipliers and ψ are the inequalities constraints ψ(ϕ) ≤ 0.
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If we consider the time component relative to the Lebesgue’s measure dt, due to
Proposition 2.6, we can deduce that there exists a time derivative which constitutes
a representative of the momenta jump. As a confirmation, the equation (2.23) is
dimensionally consistent, i.e., on the left we have the time derivative of a momenta
and a force on the right. Concerning the left-hand side of (2.23), one has∫
DX
s
∂L
∂ϕA,ν
(x)Nν(x)
{′
t
·V A(ϕ(x))dvDX =
∫
DX
s
∂L
∂ϕA,ν
(x)Nν(x) · V A(ϕ(x))
{′
t
dvDX ,
where we used the continuity of the vector field V . Also we get the statement
established in Demoures, Gay-Balmaz, and Ratiu [2016].
2.4 Perfect elastoplasticity and nonsmooth mechanics
We refer to Moreau [1973, 1976, 1982, 1988a,b] in addition to Fetecau, Marsden,
and West [2003] for this development.
In order to associate the variational multisymplectic formulation and convex
analysis, we will take into account the variational inequalities (2.4) where con-
straints (2.2) are included. Additionally, we will use the properties of the varia-
tional inequalities which can be expressed in different equivalent ways, in particular
through the plastic dissipation.
2.4.1 Lagrangian density and plastic dissipation
Lagrangian density. The material frame indifference states that if we view
the configuration from a rotated point of view, then the stress transforms by
the same rotation. Also, if we want that the stored energy function W (x, ϕ,Fe)
satisfies this property it must depends on the elastic gradient deformation Fe
through right Cauchy-Green deformation tensor Ce = F
T
e Fe (see Marsden and
Hughes [1994]).
We admit that the deformation gradient takes the form of a local multiplicative
decomposition into elastic and plastic matrices as F = FeFp.
The Lagrangian density is defined as follows
L(x, ϕ, ϕ˙,Fe) = 1
2
ρ(x) 〈ϕ˙, ϕ˙〉 dv(x)− ρ(x)W (x, ϕ,Ce(Fe))dv(x), (2.24)
with the mass density ρ and the elastic component Fe = FF
−1
p of the deformation
gradient. The components of F are FAi = ϕ
A
,i. Note that, for simplicity, we
consider the Euclidean case.
Plastic dissipation through viscous regularization. The problem to
resolve is to calculate the plastic strain-rate jump and the plastic dissipation,
while the material frame indifference is required. The difficulty is precisely that
the plasticity is a nonsmooth phenomena, see §2.1, where the time rate of change
of the plastic components Fp evolve by jumps.
To solve this difficulty we recall from Moreau [1973] that we can take into
account at the same time several resistance laws, like viscosity and plasticity. The
introduction of viscosity produces a regularization effect of the plastic strain called
Moreau-Yosida regularization. Conversely, the plasticity can be seen as the limit
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of the viscoplasticity when viscosity disappears. Indeed, adding a tiny viscosity
effect to a plasticity law produce a penalty function, where the size of the penalty
coefficient is inversely proportional to the value of the viscosity coefficient η. But,
when η → 0, the penalty function becomes the indicator function. So we get again
a plastic law and a strain-rate which evolves by jumps.
The viscoelastoplasticity is characterized by −S : Dp + η q(d(S)), which corre-
spond to the viscous regularization of the plastic dissipation S : Dp through the
viscous dissipation η q(d(S)). Where S is the symmetric second Piola-Kirchhoff
stress tensor, Dp is the plastic strain-rate, q is a quadratic form, and d(S) is the
distance between S and the convex admissible elastoplastic domain ES, character-
ized by the yield conditions f(S) ≤ 0, i.e.,
ES := {S | f(S) ≤ 0}. (2.25)
Thus the Moreau-Yosida regularization occurs when f(S) ≥ 0. However, as before,
we have an elastic phenomena when f(S) < 0.
Due to the regularization effect, induced by the introduction of viscosity, we
can calculate Dp through the derivative F˙p (see in Simo [1998] for details)
Dp :=
(
CeF˙pF
−1
p
)
sym
(2.26)
where Ce and F˙pF
−1
p are unaffected by rigid motions superposed on the current
placement.
In order to keep only the plastic law, we remove the viscosity (η = 0). Hence
the elastoplastic strain-rate jump, denoted JDpKt, and the elastoplastic dissipation
Dp are defined as the following limits
lim η→0
(
CeF˙pF
−1
p
)
sym
=: JDpKt ,
lim η→0 S : Dp = S : JDpKt = Dp , (2.27)
where the values of Ce is given at time t
−. From (2.5) we recall thatJDpKt ∈ ∂IES(S). (2.28)
Note that the rate of plastic deformation JDpKt is different from zero if and
only if f(S) = 0, i.e., the plastic components Fp are preserved when f(S) 6= 0. In
addition, we recall that the normal cone ∂IES(S) in S can be written in the form
λ∂Sf(S), where λ are Lagrange multipliers.
Remark 2.10 It is important to note that the nonsmoothness of the plastic gra-
dient of deformation Fp, which evolves by jumps, induces nonsmoothness of the
density Lagrangian (2.24). So, in the following, we can take into account of the
Theorem 2.8. 
Remark 2.11 The introduction of viscosity in elastoplasticity and the Moreau-
Yosida regularization are studied more in details in Demoures [2018b]. 
2.4.2 Variational formulation of perfect elastoplasticity
We know that outside of the nonsmooth plastic phenomena the elastic deforma-
tion are described by the CEL equations (2.14). Also we will investigate in the
multisymplectic framework the vertical and horizontal jumps.
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Singularity submanifold. The submanifold DX ⊂ UX is the singularity sub-
manifold which matches with the plastic domain ∂ES defined by f(S(ϕ)) = 0.
That is DX is the space-time domain locally compact such that the time evolution
of S(ϕ) is nonsmooth and the dissipation function Dp, defined in (2.27), verifies
the maximal dissipation principle under inequality constraint f(S) ≤ 0. We can
deduce that exists a Lagrangian multipliar λ such that Dp ascertains the maximal
dissipation when JDpKt = λ∂Sf(S).
Vertical variations (V A 6= 0). The plasticity is due to slips and frictions
inside the body, but without impenetrability constraints on the fields ϕ, contrary
to what is happening in contact mechanics, see, e.g., (2.23). So we get from (2.23)
the following jumps conditions without reaction forces (contact impulsion)∫
DX
s
∂L
∂ϕA,ν
(x)Nν(x)V
A
{′
t
dvDX = 0. (2.29)
Horizontal variations (V µ 6= 0). Given the fact that the set of plastic de-
formation 2-tensor is a finite dimensional Banach space with the Radon-Nikodym
property, the rate of plastic deformation JDpKt is the value of a vector measure
with bounded variations which possesses a density denoted JDpK′t relative to a
measure dt, see in §2.2. Moreover the dissipation S : JDpKt is a pairing between
the stress and the rate of plastic deformation. Such that we get a scalar measure(
S : JDpK′t) dt for all S (see (2.11)). In addition, from Proposition 2.6 we deduce
that the units are respected, i.e., the elastoplastic dissipation Dp, as defined in
(2.27), is a power.
Concerning the time component of the horizontal jump (2.20), i.e., V 0 6= 0,
V j = 0 for j = 1, ..., n. This is the value of a real measure with bounded variations
which possesses a density denoted
r
L− ∂L
∂ϕA,µ
ϕ˙A
z′
t
relative to a measure dt, which
can be represented by a time derivative. As a consequence the global energy jump
condition is given with the correct units, by∫
DX
s
L− ∂L
∂ϕA,µ
ϕ˙A
{′
t
V 0dvDX −
∫
DX
(
S : JDpK′t)V 0dvDX 3 0, (2.30)
which characterizes the intersection between the horizontal jump condition due to
nonsmoothness and the maximum dissipation principle.
The previous results leads to the following theorem which describes the elasto-
plastic behavior through the variational multisymplectic formulation.
Theorem 2.12 Consider a Lagrangian density L(xµ, ϕA, ϕ˙A, FAi) which is smooth
away from the discontinuity DX , where deformation gradient F = FeFp is seen
as the composition of elastic and plastic deformations. We assume the same hy-
potheses as above on piXY : Y → X. Then φ = (φX , ϕ) is a critical point of Sns
relative to the constraint (2.25) on the second Piola-Kirchhoff stress tensor S if
and only if
• Away from the singularity, the field φ satisfies the covariant Euler-Lagrange
equations on UX\DX ,
∂L
∂ϕA
− ∂
∂t
∂L
∂ϕ˙A
− ∂
∂xi
∂L
∂ϕA,i
= 0, (2.31)
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together with the balance of energy on UX\DX .
• When x ∈ DX the field φ verify the following conditions:
(a) the vertical jump condition:∫
DX
s
∂L
∂ϕA,ν
(x)Nν(x)V
A
{′
t
dvDX = 0. (2.32)
(b) the global energy jump condition (time component): for all vector fields
V 0 we have∫
DX
s
L− ∂L
∂ϕA,µ
ϕ˙A
{′
t
V 0dvDX =
∫
DX
(
S : JDpK′t)V 0dvDX , (2.33)
where JDpKt = λ∂Sf(S) ∈ ∂IEP (S) with the Lagrange multiplier λ.
• On the boundary ∂UX \DX , the field φ verifies the following conditions:
(c) we have
∂L
∂ϕA,ν
V ANν = 0, (2.34)
(d) for all ν = 0, ..., n we have(
Lδµν −
∂L
∂ϕA,µ
ϕA,ν
)
Nµ = 0. (2.35)
Remark 2.13 “The fact that the constraints involve only spatial and not time
derivatives means that imposing the constraints is equivalent to restricting the
infinite-dimensional configuration manifold used to formulate the theory as a tra-
ditional Hamiltonian or Lagrangian field theory. In this case, the constraint is
simply a holonomic or configuration constraint and it is known that restricting
Hamiltons principle to the constraint submanifold gives the correct equations for
the system. ” Marsden, Pekarsky, Shkoller, and West [2001] 
Noether theorem. Consider a one-parameter family φ of deformation map-
pings that are a symmetry of the mechanical system. That is the Lagrangian
L is equivariant with respect to the symmetry group action G. This implies
the preservation of the action functional Sns(φ) =
∫
UX
L(x, ϕA, ϕ˙A, FAi), i.e.,
Sns(φ) = Sns(φ) where φ0 = φ. When the plastic dissipation occurs we can
deduce the integral form of Noether’s theorem, from Demoures, Gay-Balmaz, and
Ratiu [2016] in §2.4.
Due to vertical jump conditions in (2.32) we get: For all open subsets U ′ ⊂ U
with piecewise smooth boundary and for all ξ in the Lie algebra g of the Lie group
G, we have∫
φX(D′)
s
∂L
∂ϕA,µ
ξAY d
nxµ
{
+
∫
∂φX(U ′)\φX(D′)
(
∂L
∂ϕA,µ
ξAY d
nxµ
)
= 0, (2.36)
where ξY is the infinitesimal generator.
Remark 2.14 Generally nonsmoothness is associated with boundary contact,
and friction, and/or with interior plasticity. In such cases the question of conser-
vation of symmetries must be studied under combination of different perspectives.

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Multisymplectic form formula. Concerning the Cartan form (or multi-
symplectic form) and the multisymplectic form formula this will be studied in its
own for various types of nonsmooth problems in a paper to come.
3 Rheological model for nonsmooth elasto-
plasticity
The rheological model we consider was described in Simo and Hughes [1998].
3.1 Elastoplastic model
The 1D rheological model (see Fig 3.1) is composed of an elastic spring of length
`0 at rest, with Young modulus E, and elastic strain e. At one end of the spring
we fix a mass m, and at the opposite we fix a frictional pad which induces the
frictional strain p referred to as the plastic strain.
2 Isotropic and line r hardening model of pla ticity
2.1 Mechanical models
Let a 1D model (see Fig 2.1) composed of an elastic spring of length `0 at rest and with
Young modulus E. At one extremity of the spring we fixe a mass m, and on the other
side we fixe a frictional device characterize by its cone of friction, that is the stress may
take any value from zero up to  Y .
2 1. One-Dimensional Plasticity and Viscoplasticity
and introduce the fundamental concept of return mapping or catching up algo-
rithm. As shown in Chapter 3 this notion has a straightforward generalization to
three-dimensional models and constitutes the single most important concept in
computational plasticity. In Section 1.5 we illustrate the role of these integrative
algorithms by considering the simplest finite-element formulation of the elasto-
plastic boundary-value problem. We discuss the incremental form of this problem
and introduce the important notion of consistent or algorithmic tangent modulus.
Finally, Section 1.6 generalizes the preceding ideas to accommodate rate-
dependent response within the framework of classical viscoplasticity. We examine
two possible formulations of this class of models and discuss their numerical imple-
mentation. In particular, emphasis is placed on the significance of viscoplasticity
as a regularization of rate-independent plasticity. This interpretation is important
in the solution of boundary-value problems where hyperbolicity of the equations in
the presence of softening can always be attained by suitable choice of the relaxation
time.
For further reading on the physical background, and generalizations, see
Lemaitre and Chaboche [1990].
1.2 Motivation. One-Dimensional Frictional Models
To motivate the mathematical structure of classical rate-independent plasticity,
developed in subsequent sections, we examine the mechanical response of the
one-dimensional frictional device illustrated in Figure 1.1.
We assume that the device initially possesses unit length (and unit area) and
consists of a spring, with elastic constantE, and a Coulomb friction element, with
constant σY > 0, arranged as shown in Figure 1.1. We let σ be the applied stress
(force) and ε the total strain (change in length) in the d vice.
1.2.1 Local Governing Equations
Inspection of Figure 1.1 leads immediately to the following observations:
! !
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E
Figure 1.1. One-dimensional frictional device illustrating rate–independent plasticity.Figure 2.1: Elastoplastic bar.
We admit an additive decomposition of the total displacement x into elastic displace-
ment xe due to spring and frictional displacement xp
x = xe + xp.
The value of the stress acting on the spring is
  = E✏e = E(✏  ✏p) = E
✓
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Let the non negative variable ↵ : [0, T ] ! denoted the internal hardening variable.
We assume that we have the two following evolutionary equations
↵˙ = |✏˙p|, and ✏˙p =   sign( ), where   > 0. (2.1)
Then a yield criterion f( ,↵), as a convex function, is defined
f( ,↵) := | |  ( Y +K↵) 6 0. (2.2)
Observe that ✏˙p =   @ f( ,↵) can be related to convex analysis, see Moreau [1973]. The
criterion (2.5) allows to constraint the variables  ,↵ to stay in the convex elastoplastic
domain , defined as follows
:=
 
( ,↵) 2 ⇥ s.t. | |  ( Y +K↵) 6 0
 
. (2.3)
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Multisymplectic form formula. In Demoures, Gay-Balmaz, and Ratiu [2016]
§2.4 the multisymplectic form formula (20) for the nonsmooth setting is similar to
the one we need for nonsmooth plasticity. This is due to the absence of constraints
on the fields '.
3 Rheol gical m del for no smooth elasto-
plasticity
The rheological model we consider was described in Simo and Hughes [1998].
3.1 Elastoplastic odel
The 1D rheological model (see Fig 3.1) is composed of n elastic spring of length
`0 at rest, with Young modulus E, and strain ✏e due to the elastic strain. At one
extremity of the spring we fix a mass m, a d on the other side we fix a frictional
device which induces the frictional strain ✏p referred to as the plastic strain.
2 Isotr pic and lin ar hardening model of plasticity
2.1 Mechanical models
Let a 1D model (see Fig 2.1) composed of an elastic spring of length  0 at rest and with
Young modulus E. At one extremity of the spring we fixe a mass m, and on the other
side we fixe a frictional device characterize by its cone of friction, that is the stress may
take any value from zero up to  Y .
2 1. One-Dimensional Plasticity and Viscoplasticity
and introduce the fundamental concept of return mapping or catching up algo-
rithm. As shown in Chapter 3 this notion has a straightforward generalization to
three-dimensional models and constitutes the single most important concept in
computational plasticity. In Section 1.5 we illustrate the role of these integrative
algorithms by considering the simplest finite-element formulation of the elasto-
plastic boundary-value problem. We discuss the incremental form of this problem
and introduce the important notion of consistent or algorithmic tangent modulus.
Finally, Section 1.6 generalizes the preceding ideas to accommodate rate-
dependent response within the framework of classical viscoplasticity. We examine
two possible formulations of this class of models and discuss their numerical imple-
mentation. In particular, emphasis is placed on the significance of viscoplasticity
as a regularization of rate-independent plasticity. This interpretation is important
in the solution of boundary-value problems where hyperbolicity of the equations in
the presence of softening can always be attained by suitable choice of the relaxation
time.
For further reading on the physical background, and generalizations, see
Lemaitre and Chaboche [1990].
1.2 Motivation. One-Dimensional Frictional Models
To motivate the mathematical structure of classical rate-independent plasticity,
developed in subsequent sections, we examine the mecha ical response of the
one-dimensional frictional device illustrated in Figure 1.1.
We assume that the device initially possesses unit length (and unit area) and
consists of a spring, with elastic constantE, and a Coulomb friction element, with
constant σY > 0, arranged as shown in Figure 1.1. We let σ be the applied stress
(force) and ε the total strain (change in length) in the device.
1.2.1 Local Governing Equations
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Figure 1.1. One-dimensional frictional device illustrating rate–independent plasticity.Figure 2.1: Elastoplastic bar.
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x = xe + xp.
The value of the stre s acting on the spring is
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Let the non negative variable   : [0, T ] ! denoted the internal hardening variable.
We assume that we have the two following evolutionary equations
 ˙ = | ˙p|, and  ˙p =   sign( ), where   > 0. (2.1)
Then a yield criterion f( , ), as a convex function, is defined
f( , ) := | |  ( Y +K ) 6 0. (2.2)
Observe that  ˙p =     f( , ) can be related to convex analysis, see Moreau [1973]. The
criterion (2.5) allows to constraint the variables  ,  to stay in the convex elastoplastic
domain , defined as follows
:=
 
( , ) 2 ⇥ s.t. | |  ( Y +K ) 6 0
 
. (2.3)
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2 Isotropic a d linear hardening model f plastic ty
2.1 Mechanical models
Let a 1D model (see Fig 2.1) compos d of n e astic spri of ngt  0 r st a d wi h
Young modulus E. At one extremity of the spring we fixe a mass m, a d on the other
side we fixe a frictional device chara terize by its cone of friction, that is the stress may
take any value from zero up to  Y .
2 1. One-Dimensional Plasticity and Viscoplasticity
and introduce the fundamental concept of return mapping or catching up algo-
rithm. As shown in Chapter 3 this notion has a straightforward generalization to
three-dimensional models and constitutes the single most important concept in
computational plasticity. In Section 1.5 we illustrate the role of these integrative
algorithms by considering the simplest finite-element formulation of the elasto-
plastic boundary-value problem. We discuss the incremental form of this problem
and introduce the important notion of consistent or algorithmic tange t modulus.
Finally, Section 1.6 generalizes the preceding ideas to accomm date ate-
dependent response within the framework of classical viscoplasticity. We examine
two possible formulations of this class of models and discuss their numerical imple-
mentation. In particular, emphasis is placed on the significance of viscoplasticity
as a regularization of rate-independent plasticity. This interpretation is important
in the solution of boundary-value problems where hyperbolicity of the equations in
the presence of softening can always be attained by suitable choice of the relaxation
time.
For further reading on the physical background, and generalizations, see
Lemaitre and Chaboche [1990].
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Figure 1.1. One-dimensional frictional device illustrating rate–independent plasticity.Figure 2.1: Elastoplastic bar.
We admit an additive decomposition of the total displacement x into elastic displace-
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The value of the stress acting on the spring is
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Let the non negative variable   : [0, T ] ! denoted the internal hardening variable.
We assume that we have the two f llowing e olutionary equations
 ˙ = | ˙p|, and  ˙p =   sign( ), where   > 0. (2.1)
Then a yield criterion f( , ), as a convex function, is defined
f( , ) := | |  ( Y +K ) 6 0. (2.2)
Observe that  ˙p =     f( , ) can be related to convex analysis, see Moreau [1973]. The
criterion (2.5) allows to constraint the variables  ,  to stay in the convex elastoplastic
domain , defined as follow
:=
 
( , ) 2 ⇥ s.t. | |  ( Y +K ) 6 0
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2 Isotropic and li ear harde ing m de of lasticity
2.1 Mechanical models
Let a 1D model (see F g .1) composed of an elastic spri g of l ngth  0 at rest and with
Young modulus E. At one ex remity of the spring we fixe a mass m, and on the other
side we fixe a frictional device charact rize by its cone of friction, that is the stress may
take any value from zero up to  Y .
2 1. One-Dimensional Plasticity and Viscoplasticity
and introduce the fundamental concept of return mapping or catching up algo-
rithm. As shown in Chapter 3 this notion has a straightforward generalization to
three-dimensional models and constitutes the single most important concept in
computational plasticity. In Section 1.5 we illustrate the role of these integrative
algorithms by considering the simplest finite-element formulation of the elasto-
plastic boundary-value problem. We discuss the incremental form of this problem
and introduce the important notion of consistent or algorithmic tangent modulus.
Finally, Section 1.6 generalizes the preceding ideas to accommodate rate-
dependent response within the framework of classical viscoplasticity. We examine
two possible formulations of this class of models and discuss th ir numerical imple-
mentation. In particular, emphasis is placed on the significance of viscoplasticity
as a regula ization of rate-independent plasticity. This interpretation is important
in the solution of boundary-value problems where hyperbolicity of the equations in
the presence of softening can always be attained by suitable choice of the relaxation
time.
For further reading on the physical background, and gen ralizations, see
Lemaitre and Chaboche [1990].
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developed in subsequent sections, we examine the mechanical response of the
one-dimensional frictional device illustrated in Figure 1.1.
We assume that the device initially possesse unit length (and unit area) and
consists of a spring, with elastic constantE, and a Coulomb friction element, with
constant σY > 0, arranged as shown in Figure 1.1. We let σ be the applied stress
(force) and ε the total strain (change in length) in the device.
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Figure 1.1. One-dimensional frictional device illustrating rate–independent plasticity.Figure 2.1: Elastoplastic bar.
We admit an additive decomposition of th total displacement x into elastic displace-
ment xe due to spring and frictional displacement xp
x = xe + xp.
The value of the stress acting on the spring is
  = E e = E(    p) = E
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Let the non negative variable   : [0, T ] ! denoted the internal hardening variable.
We assume that we have the two following evolutionary equations
 ˙ = | ˙p|, and  ˙p =   sign( ), where   > 0. (2.1)
Then a yield criterion f( , ), as a convex function, is defined
f( , ) := | |  ( Y +K ) 6 0. (2.2)
Observe that  ˙p =     f( , ) can be related to convex analysis, see Moreau [1973]. The
criterion (2.5) allows to constraint the variables  ,  to stay in the convex elastoplastic
domain , defined as follows
:=
 
( , ) 2 ⇥ s.t. | |  ( Y +K ) 6 0
 
. (2.3)
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2 Isotropic and linear harde ing mod l of plasticity
2.1 Mechanical models
Let a 1D model (see Fig 2.1) c mposed of an el ti spring of length  0 at r st and with
Young modulus E. At one extremity of the spring we fixe a mass m, a d on t e ther
side we fixe a frictional device characterize by its cone of friction, that is the stress may
take any value from zero up to  Y .
2 1. One-Dimensional Plasticity and Viscoplasticity
and introduce the fundamental concept of return mapping r catc ing up algo-
rithm. As shown in Chapter 3 this notion has a straightforward generalization to
three-dimensional models and constitutes the single most important concept in
computational plasticity. In Section 1.5 we illustrate the role of these integrative
algorithms by considering the simplest finite-element formulation of the elasto-
plastic boundary-value problem. We discuss the incremental form of this problem
and introduce the important notion of consistent or algorithmic ta gent modulus.
Finally, Section 1.6 generalizes the precedi g ideas to accommodate rate-
dependent response within the framework of classical viscoplasticity. We examine
two possible formulations of this class of models and discuss their numerical imple-
mentation. In particular, emphasis is placed on the significance of viscoplasticity
as a regularization of rate-independent plasticity. This interpretation is important
in the solution of boundary-value problems where hyperbolicity of the equations in
the presence of softening can always e attained by suitable choice of the r laxation
time.
For further reading on the physical background, and generalizations, see
Lemaitre and Chaboche [1990].
1.2 Motivation. One-Dimensional Frictional Models
To motivate the mathematical structure of classical rate-independent plasticity,
developed in subsequent sections, we examine the mechanical respo se of the
one-dimensional frictional device illustrated in Figure 1.1.
We assume that the device initially possesses unit length (and unit area) and
consists of a spring, with elastic constantE, and a Coulomb friction element, with
constant σY > 0, arranged as shown in Figure 1.1. We let σ be the applied stress
(force) and ε t e total strain (change in length) in the device.
1.2.1 Local Governing Equ tio s
Inspection of Figure 1.1 leads immediately to the following observations:
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Figure 1.1. One-dimensional frictional device illustrating rate–independent plasticity.Figure 2.1: Elastoplastic bar.
We admit an additive decomposition of the total displacement x into elastic displace-
ment xe due to spring and frictional displacem nt xp
x = xe + xp.
The value of the stress acting on the sp ing is
F = Exe = E(x  xp) 0
Then a yield criterion f( , ), as a convex fu ction, is defined
f( , ) := | |  ( Y +K ) 6 0. (2.1)
Observe that  ˙p =     f( , ) can be related to convex analysis, see Moreau [1973]. The
criterion (2.4) allows to constraint the variables  ,  to stay in the convex elastoplastic
domain , defined as follows
:=
 
( , ) 2 ⇥ s.t. | |  ( Y +K ) 6 0
 
. (2.2)
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Figure 3.1: Elast plastic bar.
We admit that the total strain denoted ✏ is defined as the sum of the elastic
strain ✏e and the plastic strain ✏p, i.e.,
✏ := ✏e + ✏p. (3.1)
The tot l train is measured as the change in length  ` divided by th original
length `0. Concerning our model we choose `0 = 1. This hypothesis allows to
identify the elongation of the spring with the elastic strain ✏e. At initial time t
0
we admit that the plastic strain ✏p is 0. The decomposition (3.1) is valid when
plastic strain and elastic strain are small, see Lubliner [1990] p.486 and Maugin
[2011] p.46. Which fits well with the rheological models.
We deduce from our model that the stress due to the elastic strain and the
stored energy asso iated are respectiv ly given by
  = E✏e = E(✏ ✏p) and W (✏) =
1
2
E|✏  ✏p|2. (3.2)
With perfect plasticity, from Theorem 2.12, we can describe the di↵erent situ-
ations that one meets:
1. Outside of the plastic phenomenon, when v✏p = 0, the CEL equation describe
the motion of the system. Whenever th CEL equations are satisfied, if the
system is not dissipative (e.g., without damping term), the time energy-
evolution equation is equal to zero.
2. The plasticity phenomenon occurs at time t when f( ) = 0 holds
(a) he laws of plasticity (2.4) are verified, .e., v✏p 2 N  ( ),
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Due to vertical jump conditions in (2.32) we get: For all open subsets U 0 ⇢ U
with piecewise smooth boundary and for all ⇠ in the Lie algebra g of the Lie group
G, we haveZ
 X(D0)
s
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@'A,µ
⇠AY d
nxµ
{
+
Z
@ X(U 0)\ X(D0)
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@'A,µ
⇠AY d
nxµ
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= 0, (2.36)
wh re ⇠Y is the i finitesimal generator.
Re rk 2.14 Generally nonsmoothness i associated with boundary contact,
and friction, and/or with interior plasticity. In such cases the question of conser-
vation of symmetries must be studied under combination of di↵erent perspectives.
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Multisymplectic form formula. Concerning the Cartan form (or multi-
symplectic form) and the multi ymplectic form formula this will be studied in its
w f r vari us types of nonsmooth problems in a paper to come.
3 R e logical model for nonsmooth elasto-
plasticity
The rheolo ic l odel we consider was described in Simo and Hughes [1998].
3.1 Elastoplastic model
The 1D rheological model (see Fig 3.1) is composed of an elastic spring of length
`0 at r st, w h Young modulus E, and elastic strain ✏e. At one end of the spring
we fix a mass m, and at the pposite we fix a frictional pad which induces the
frictional strain ✏p referred to as the plastic strain.
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length `0. Concerning our model we choose `0 = 1. This hypothesis allows to
identify the elongation of the spring ith the elastic strain ✏e. At initial time t
0
we admit that the plastic strain ✏p is 0. The decomposition (3.1) is valid when
plastic strain and elastic strain are small, see Lubliner [1990] p.486 and Maugin
[2011] p.46. Which fits well with the rheological models.
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strain e and the plastic s rain p, i. .,
 := e + p. (3.1)
The elastic strain is measured as the change in length ∆` divided by the original
length `0. Concerning our odel we choose `0 = 1. This hypothesis allows to
identify the elongation of the spring with the elastic strain e. At initial time t
0
we admit that the plastic strain p is 0. The decomposition (3.1) is valid when
plastic strain and elastic strain are small, see Lubliner [1990] p.486 and Maugin
[2011] p.46. Which fits well with the rheological models.
We d duce from our model t at the stress due to the elastic strain and the
st red energy associated are respectively given by
σ = Ee = E(− p) and W () = 1
2
E|− p| . (3.2)
3.2 Perfect pl sticity case
The frictional device is characterized by the yield criterion f which constrains the
admissible stress σ to lie in the admissible set (2.3).
The Lagr ngian L(, ˙) assoc ated to perfect plasticity is defined by
L(, ˙) =
1
2
m|˙|2 − 1
2
E|e|2
=
1
2
m|˙|2 − 1
2
E|− p|2.
(3.3)
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Due to the plasticity laws described in §2.1, the rate of change of total strain is
given by ˙ = ˙e + JpKt, where JpKt = 0 when x /∈ DX , i.e., p = Cte apart from
plastic domain.
From Theorem 2.12, we can describe the different situations that one meets:
1. Elastic regime. The elastic regime prevails as long as JpKt = 0. It is
equivalent to saying that p = constant. The unconstrained CEL equations (3.5)
describe the motion of the system. Whenever the CEL equations are satisfied, the
time energy-evolution equation is equal to zero. On the time interval [0, T ] the
action map to be
Sns() =
∫ T
0
L(, ˙)dt. (3.4)
Computing the variation of the action map dSns() ·δ we get, from the Hamilton
principle, the Euler-Lagrange equations
m¨ + E(− p) = 0. (3.5)
In addition from the horizontal variations δt we get the conservation of energy.
2. Plastic regime. The plastic regime occurs at time t when f(σ) = 0 holds
1. the laws of plasticity (2.5) are verified, i.e., JpKt ∈ NEσ(σ),
2. From Theorem 2.12 it follows that
(a) the vertical jump condition induces momenta conservation ∂K(˙)/∂˙
due to the absence of constraints on ; see (3.6).
(b) the horizontal energy jump J−EtotK is exactly equal to the plastic dissi-
pation
〈
σ, JpKt〉; see (3.8).
From the vertical jump condition (2.32) we get
Jm˙K = 0. (3.6)
Due to plastic laws the rate of change of plastic strain satisfies (2.5), i.e.,
JpKt ∈ NEσ(σ). (3.7)
At time t the horizontal jump conditions (2.33) give the rate of change of the
total energy, i.e., there exists λ such that
J−EtotK = 〈σ, λ∂σf(σ)〉 = Dp(σ, λ∂σf(σ)), (3.8)
where JpKt¯ = λ∂σf(σ) and Etot(, ˙) = 12m|˙|2 + 12E|− p|2. (3.9)
Example 3.1 Let the Tresca criterion defined in Tresca [1872] as follows
f(σ) := |σ| − σY 6 0, with σY > 0. (3.10)
We deduce the expression of the normal cone to Eσ at σ
NEσ(σ) = λ∂f(σ) = λ sgn(σ), for all λ > 0.
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The plastic phenomenon occurs when f(σ) = 0, i.e., when |σ| = σY . We get
JpKt¯ = λ sgn(σ) with λ > 0 and Dp(σ, JpKt¯) := λ |σ|. (3.11)
The implementation of this example and the next two in §3.3 is achieved in
Demoures [2018c] through a discrete formulation of the theory developed in §2.
In Figures 3.2, 3.3, 3.4, we plot the numerical approximations computed using a
second-order multisymplectic variational integrator for elastoplastic problems.
Figure 3.2: Tresca criterion. From left to right: strain (, p), total energy, stress, and stress/strain.
E = 30, m = 0.82.
In Figure 3.2 observe that the plastic strain p stops to evolve when |σ| < σY .
Then after we go back to the elastic behavior and energy conservation. ♦
3.3 Internal hardening variables
Internal strain hardening variables ξ = (ξi, ξk) are often added to the plastic
strain p, where ξi, ξk are respectively the isotropic and kinematic strain hardening
variables. Then the potential energy is seen as the sum of the elastic store energy
function (3.2) plus the potential function H(ξ) for the hardening variables.
The yield criterion associated to pure plasticity (2.3) can be modified in two
ways. a) Isotropic hardening: The yield surface expands with increasing stress.
Such that the yield criterion on (σ, βi) is now defined as
f(σ, βi) := F (σ)− kσY (βi) 6 0 where βi = −∂H(ξ)/∂ξi. (3.12)
b) Kinematic hardening: The yield surface with the same shape is translated in
stress space, with the following yield criterion
f(σ, βk) := F (σ, βk)− σY 6 0 where βk = −∂H(ξ)/∂ξk. (3.13)
Note that the isotropic and kinematic hardening are often combined. But in
the following we will consider the two cases separately.
3.3.1 Isotropic hardening
We consider now the possibility of an expansion of the yield surface due to the
increasing flow stress kσY (βi). See, e.g., in Simo [1998] the following elementary
model kσY (βi) = σY − βi where σY > 0 is given constant.
The admissible set is now defined as
E(σ,q) := {(σ, βi) ∈ R2 | f(σ, βi) ≤ 0}, (3.14)
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where the yield criterion f(σ, βi) for isotropic hardening verifies (3.12). The La-
grangian is now defined by
L(, ˙) =
1
2
m|˙|2 − 1
2
E|− p|2 −H(ξi). (3.15)
Through the derivative of the action Sns() outside of plastic behavior we get the
Euler-Lagrange equations (3.5).
When the plastic phenomenon occurs at time t from the vertical jump condition
we get the same as the one obtained with perfect plasticity, i.e., (3.6). While from
the plasticity law (2.5) we obtain the following rate of change of plastic strain and
of isotropic hardening(JpKt¯ , JξiKt¯) ∈ NE(σ,q)(σ, βi) = λ∇(σ,βi)f(σ, βi), for all λ ≥ 0. (3.16)
The rate of change of the total energy (3.8) becomes
J−EtotK = 〈(σ, βi), λi∇(σ,βi)f(σ, βi)〉 =: Dpih, with λi > 0, (3.17)
where Dpih is denoted the isotropic hardening plastic dissipation function.
Example 3.2 Let the 1D yield criterion corresponding to isotropic hardening
f(σ, βi) := |σ|+ βi − σY ≤ 0. (3.18)
where σY is constant. We specify the potential function for isotropic hardening
variables
H(ξi) = 1
2
Kξ2i with K > 0.
So we get[
σ
βi
]
=
[
E(− p)
−Kξi
]
and
[JpKt¯JξiKt¯
]
∈ NE(σ,q)(σ, βi) = λ
[
sgn(σ)
1
]
, for all λ ≥ 0.
The numerical tests implemented through a discrete formulation of isotropic
hardening give us the following results
Figure 3.3: From left to right: strain (, p), total energy, stress, and stress/strain. E = 30, K = 50,
m = 0.85.
When the stress satisfies |σ| = σY − βi, the plastic strain increases through
small jumps, and stops as soon as |σ| < σY − βi. However note that the yield
surface expands, due to σY − βi which increases. That is, loading after unloading
will define a new instantaneous elastic limit and so forth. ♦
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3.3.2 kinematic hardening
The yield criterion f(σ, βk) described by (3.13) exhibits kinematic hardening. See,
e.g., in Simo [1998] the following elementary model F (σ, βk) = |σ − βk|. Where
the yield surface translates in the direction of the plastic flow.
When the plastic phenomenon occurs at time t, the rate of change of plastic
strain and kinematic hardening are given by
(JpKt¯ , JξkKt¯) ∈ NE(σ,q)(σ, βk) = λ∇(σ,βk)f(σ, βk), for all λ ≥ 0. (3.19)
While the horizontal jump condition becomesJ−EtotK = 〈(σ, βk), λk∇(σ,βk)f(σ, βk)〉 =: Dpkh, with λk > 0, (3.20)
where the kinematic hardening plastic dissipation function is denoted by Dpkh.
Example 3.3 Let the 1D yield criterion corresponding to kinematic hardening
f(σ, βk) := |σ − βk| − σY ≤ 0, (3.21)
and the following potential function
H(ξk) = 1
2
H(ξk)
2 with H > 0.
We get[
σ
βk
]
=
[
E(− p)
−Hξk
]
and
[JpKt¯JξkKt¯
]
∈ NE(σ,βk)(σ, βk) = λ
[
sgn(σ − βk)
−sgn(σ − βk)
]
, ∀ λ ≥ 0.
The numerical tests implemented through a discrete formulation of kinematic
hardening give us the following results
Figure 3.4: From left to right: strain (, p), total energy, stress, and stress/strain. E = 30, H = 35,
m = 0.81.
Note that the yield surface retains the same shape but translates during the
plastic strain, due to the internal variable βk in |σ − βk|. ♦
4 Rheological model for thermoplasticity
“First, suppose that we do irreversible work on an object by friction, generating a
heat Q on some object at temperature T . The entropy is increased by Q/T . The
heat Q is equal to the work W , and thus when we do a certain amount of work by
friction against an object whose temperature is T , the entropy of the whole world
increases by W/T .”(Feynman, Leighton, and Sands [1963])
The two main points which characterize the cristal plastic phenomenon are as
follows: first, the heat is produced by the plastic strains; second, in the irreversible
plastic change, the total entropy of the system always increases.
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4.1 First and second laws of thermodynamics
In the following we recall the second and first laws of thermodynamics.
Second law. The second law of thermodynamics was first put into words by
Carnot [1824]. It can be expressed as follows:
In a isolated mechanical system which absorbes heat Q1 at temperature T1 and
delivers heat Q2 at temperature T2, the relation between the two verifies
Q1
T1
= S =
Q2
T2
, (4.1)
where S denotes the entropy. However the second law of thermodynamics is ex-
pressed through different forms which depend from the perspective adopted. For
example, the Clausius-Duhem local form of the “second law of thermodynamics”
in a continuous body asserts that (see e.g., Marsden and Hughes [1994] §2.5)
γ = S˙ − ρr
T
+
1
T
∇ · q− 1
T 2
∇T · q ≥ 0, (4.2)
where γ is the rate of change of entropy production, S is the entropy in the body,
r is the heat supply by unit of mass, T is the temperature, q is the heat flux, and
S˙ is the rate of change of the total entropy.
The dissipation Tγ is decomposed into the sum of the internal dissipation Dint
under the Clausius-Plank form of the second law and the dissipation Dcond arising
from heat conduction, see Truesdell and Noll [1965](79.8, 79.9, 79.10), which are
respectively
Dint := T S˙ − ρr +∇ · q ≥ 0, and Dcond := − 1
T
∇T · q ≥ 0. (4.3)
In the expression (4.3) note that we take into account the heat flux q which is
function of the thermal conductivity of the material.
First law or balance of energy. Clausius [1850] and W. Rankine both
stated the first law of thermodynamics which says that the rate of increase of the
internal energy E˙int of the body equals the rate of work done (the body forces and
surface traction) plus the rate of increase of heat energy.
E˙int = W˙ + Q˙. (4.4)
As a consequence, if we admit that the transformation is isothermal, then the
work dissipated during plastic deformation is transformed into heat, i.e., the work
lost by internal friction is equal to the heat produced.
Q˙plastic = −W˙friction at temperature T.
We recall from Marsden and Hughes [1994] §2.3 the form it takes in a continuous
body
E˙int = σ : d+ ρr −∇ · q, (4.5)
where σ is the Cauchy stress tensor and d is the rate of change of strain tensor.
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By combination of the Clausius-Duhem inequality (4.3)1 and the energy bal-
ance (4.5) we can express the internal dissipation Dint in the solids as the thermal
power plus the mechanical power minus the time rate of change of the internal
energy, i.e.,
Dint = T S˙ + σ : d− E˙int ≥ 0. (4.6)
4.2 Thermoplasticity: Perfectly plastic case
Thermomechanics of plasticity. We introduce temperature T as a new
variable in the 1D elastoplastic model described in section §3.1. From thermody-
namics principle the stored energy (3.2) becomes a function of the elastic strain
and of the elastic entropy. Which is now denoted W (e, Se). Then, we recall the
following local state axioms; see e.g., Maugin [1992]
σ = ∂eW (e, Se), T = ∂SeW (e, Se). (4.7)
We admit that the total entropy S is the sum of the entropy Se due to the
elasticity and the entropy Sp due to the plasticity, i.e.,
S = Se + Sp. (4.8)
The Helmholtz free energy Ψ(e, T ) is defined fromW by performing the change
of variable Se → T through the Legendre-Fenchel transform, see e.g. Ottinger
[2005]
Ψ(e, T ) = W (e, Se)− TSe. (4.9)
Hence, the local state axioms (4.7) are now expressed as follows
σ = ∂eΨ(e, T ), Se = −∂TΨ(e, T ). (4.10)
Thermoelastic regime. The mechanical system is described by its Lagrangian
composed of the kinetic energy minus the Helmholtz free energy
LT (, ˙) = 1
2
m|˙|2 −Ψ(− p, T ). (4.11)
Through the derivative of the action Sns() =
∫ LT (, ˙) with respect to  we get
the Euler-Lagrange equation
m¨ + ∂Ψ(− p, T ) = 0. (4.12)
Remark 4.1 Note that we could define the Lagrangian (4.11) by taking into
account the internal energy W (e, Se) instead of the free energy (4.9), with a
similar result. 
Internal dissipation. The general constitutive equations (4.6) provides the
internal plastic dissipation Dint, i.e.,
Dint = T (S˙e + JSpKt) + 〈σ, ˙e + JpKt〉− W˙ (e, Se)
(4.7)
= T JSpKt + 〈σ, JpKt〉 ≥ 0, (4.13)
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where the plastic strain JpKt evolves by jumps, and therefore the rate of change
of plastic entropy JSpKt evolves also by jumps.
We deduce the decomposition of the internal dissipation (4.13) into mechanical
dissipation Dmech and thermic dissipation Dther, which are respectively
Dmech(σ, JpKt) := 〈σ, JpKt〉 and Dther(T, JSpKt) := T JSpKt . (4.14)
Thermoelastoplastic domain. In the context of thermoplasticity the in-
ternal plastic dissipation (4.13) verifies the maximum dissipation principle; see
Lubliner [1984], Simo [1998] §57.
The elastoplastic domain (2.3) is modified through the introduction of the
temperature T . Therefore, the thermoelastoplastic domain is defined as follows
Eσ,T := {(σ, T ) | f(σ, T ) ≤ 0} , (4.15)
where Int(Eσ,T ) and ∂Eσ,T define respectively the thermoelastic and the thermo-
plastic domains.
Given the maximum dissipation principle the problem we have to solve is to
minimize −Dmech and −Dther under the constraint f(σ, T ) ≤ 0. From the results
recalled in §2.1, by extension, we deduce the following expressions[JpKtJSpKt
]
∈ NEσ,T (σ, T ) = λ
[
∂σf(σ, T )
∂T f(σ, T )
]
, for all λ ≥ 0,
or equivalently
[
σ
T
]
∈ N∗Eσ,T (JpKt , JSpKt). (4.16)
From (4.16) we get (JpKt , JSpKt).
Elastic entropy. The expression (4.13) issued from (4.6) together with the
constitutive equations (4.3)1 yields the following relation
T S˙e =
〈
σ, JpKt〉−∇ · q. (4.17)
By assumption we admit that there is no heat flux nor heat supply in the 1D
elastoplastic model described in section §3.1, i.e., ∇·q = 0. So we get the following
rate of change of elastic entropy
T S˙e =
〈
σ, JpKt〉 ⇔ S˙e = 1T 〈σ, JpKt〉 . (4.18)
The mechanical dissipation (4.14)1 is described by jumps of energy, see §2.1.
As a consequence, from (4.18), we can conclude that the rate of change of the
elastic entropy S˙e evolve by jumps. From now on the rate of change of elastic
entropy is denoted JSeKt := 1T 〈σ, JpKt〉 . (4.19)
In a logical way, outside of plastic phenomenon, the rate of change of elastic
entropy (4.19) becomes JSeKt = 0.
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Total energy and entropy production. The total energy is composed of
the kinetic energy 12m|˙|2, associated to the rheological model defined in §3.1, plus
the internal energy W (e, Se). The rate of change of the total energy JEtotKt, can
be derive from (4.13), i.e.,
JEtotKt (4.7)= ˙m¨ + 〈σ, ˙e〉+ T JSeKt
(3.1)(4.12)
= − 〈σ, JpKt〉+ T JSeKt (4.19)= 0, (4.20)
where we used the relation ˙ = ˙e + JpKt. Hence the total energy is conserved.
Finally the rate of change of the entropy production (4.2) has the following ex-
pression
γ = JSeKt + JSpKt = 1T 〈σ, JpKt〉+ JSpKt
(4.16)
=
λ
T
〈σ, ∂σf(σ, T )〉+ λ∂T f(σ, T ),
(4.21)
where γ evolves by jumps.
Example 4.2 : Let the following yield criterion issued from Tresca criterion
(3.10)
f(σ, T ) = |σ| − σY (T ) 6 0,
During the plastic phenomena, when f(σ, T ) = 0, we get the mechanical dissi-
pation and the thermic dissipation from (4.16) :
Dmech(σ, JpKt) = λ |σ|, and Dther = −λT ddT σY (T ).
In addition we obtain
γ =
λ
T
|σ| − λ d
dT
σY (T ) ≥ 0. ♦
4.3 Hardening laws in thermoplasticity
4.3.1 Isotropic hardening
Thermomechanics of plasticity. Let the rheological model with isotropic
hardening law, as described in §3.3.1, where the internal energy is given by (3.15).
If temperature and entropy are introduced in it, the internal energy becomes
Wih(e, ξi, Se) = W (e, Se) +H(ξi), (4.22)
whereas the relationships (4.7) are transformed into
σ = ∂eWih(e, ξi, Se), βi = −∂ξiWih(e, ξi, Se), T = ∂SeWih(e, ξi, Se). (4.23)
Then, the Helmotz free energy is now defined as follows
Ψih(e, ξi, T ) = Wih(e, ξi, Se)− TSe, with (4.24)
σ = ∂eΨih(e, ξi, T ), βi = −∂ξiΨih(e, ξi, T ), Se = −∂TΨih(e, ξi, T ). (4.25)
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Internal dissipation. For the isotropic hardening law we get the internal
dissipation Dint from the general constitutive equations (4.6) and (4.23), i.e.,
Dint =
〈
σ, JpKt〉+ 〈βi, JξiK〉+ T JSpKt = Dmech +Dther ≥ 0, (4.26)
which verify the maximum dissipation principle. The expression of the rate of
change of the elastic entropy is obtained by (4.26) together with the constitutive
equations (4.3)1. We get
JSeKt = 1T ( 〈σ, JpKt〉+ 〈βi, JξiKt〉 ). (4.27)
Thermoelastoplastic domain. It is now defined as follows
Eih := {(σ, βi, T ) | fih(σ, βi, T ) ≤ 0} . (4.28)
The problem to solve becomes: to minimize −Dmech and −Dther under the con-
straint fih(σ, βi, T ) ≤ 0. We obtainJpKtJξiKtJSpKt
 ∈ NEh(σ, βi, T ) = λ
∂σfih(σ, βi, T )∂βifih(σ, βi, T )
∂T fih(σ, βi, T )
 , for all λ ≥ 0,
or equivalently
[
σ βi T
]T ∈ N∗Eh(JpKt , JξiKt , JSpKt).
(4.29)
Variational formulation. The Lagrangian composed of the kinetic energy
minus the free energy
LT (, ˙) = 1
2
m|˙|2 −Ψih(− p, ξi, T ). (4.30)
The CEL equation is obtained through the derivative of the action with respect
of . The resulting expression is
m¨ + ∂Ψih(− p, ξi, T ) = 0. (4.31)
Entropy production. At temperature T the total energy is conserved and
the rate of change of entropy production γ becomes
γ = JSeKt + JSpKt = 1T ( 〈σ, JpKt〉+ 〈βi, JξiKt〉 )+ JSpKt
(4.29)
=
λ
T
( 〈
σ, ∂σfih(σ, βi, T )
〉
+
〈
βi, ∂βifih(σ, βi, T )
〉 )
+ λ∂T fih(σ, βi, T ).
(4.32)
4.3.2 Kinematic hardening
For the thermo kinematic hardening law we get the same expressions than in
§4.3.1. The only change is to remplace βi and ξi by βk and ξk, associated with
a new constraint fkh(σ, βk, T ) ≤ 0 and a new potential function H(ξk) for the
kinematic hardening variables.
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4.4 Summary
We summarise the previous results in the following proposition
Proposition 4.3 Let the 1D thermoelastoplastic model as described previously.
Let the total strain  and the total entropy S which are seen as the sum of their
elastic and plastic part, i.e.,
 = e + p, S = Se + Sp. (4.33)
With the isotropic and kinematic strain hardening variables ξ = (ξi, ξk), the tem-
perature T , and the Helmhotz free energy Ψh(e, ξ, T ). Given the yield criterion
fh(σ,β, T ) ≤ 0 which constraint the stress tensor field σ = ∂eΨh(e, ξ, T ), the
stress hardening variables β = −∂ξΨh(e, ξ, T ), and the temperature T to lie in
the thermoelastoplastic domain. If we assume that there are no heat flux nor heat
supply in our model. Then, at fixed temperature T , when plastic phenomenon oc-
curs at time t the elastic and plastic entropy evolve by jumps, and their time rate
of change are given by
JSeKt = λT ( 〈σ, ∂σfh(σ,β, T )〉+ 〈β, ∂βfh(σ,β, T )〉 ),JSpKt =λ∂T fh(σ,β, T ), with λ > 0. (4.34)
Remark 4.4 We recall that: “For every admissible process in a perfect material,
the entropy production is zero” (Truesdell and Noll [1965]). In our case the entropy
production is only due to plastic phenomenon. 
5 Conclusion
As highlighted in this development, the elastoplasticity is a nonsmooth phenomenon
described by a succession of dissipation jumps which interrupt the smooth path ac-
counted for by a multisymplectic variational formulation. By opposition with vis-
coelastoplastic dissipative phenomena which are smooth and not described through
a variational formulation.
Hence, the next important task is to develop discrete mechanics for nonsmooth
elastoplasticity by taking advantage of the variational integrators (such as Fetecau,
Marsden, Ortiz, and West [2003] and Demoures et al. [2017]) that are developing
in that direction. This task is presently in progress in Demoures [2018c].
There are several other directions to pursue. The most important is to in-
clude friction in the nonsmooth multisymplectic variational formalism, which is a
dissipative phenomenon defined through a maximal principle in the same way as
elastoplasticity.
Then we need to associate different nonsmooth problems, like contact with
plasticity, or friction with plasticity, or even contact, plasticity and friction that
require further attention in order to get a clear picture of these associations.
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